A bootstrap assisted second order stationarity test for nonlinear time series
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Motivation

While many tests of second order stationarity have been developed for
linear or Gaussian time series, time series are often nonlinear and non-
Gaussian in many econometrics and finance applications. A bootstrap
assisted test is proposed to check the second order stationarity of non-
linear time series.
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Locally stationary nonlinear proces

Let {€:}iez be a sequence of i.i.d. random variables with mean zero and

Fi = (€, €-1,...). A mean zero locally stationary process of [1] is

Xy =Xy = H;7r(F),
where H; 7 1s a measurable function, for each ¢ =1,2,--- T and T is
the length.

The local autocovariance function at lag h is
Yr(u) = Cov(Yi_n(u), Yi(u)) for u € [0, 1],
where {Y;(u)} is the stationary approximation process for { X} for
cach u € [0, 1].
The null hypothesis:
Hy: vp(u) = ¢,
forallu € [0,1], h=0,1,...

Hor: y(u) = cp+ lrgn(u), h=0,1,...,

where [ — 0 at some appropriate rate and fol g7 (u)du > 0 at some lag
h. It [ =1, it is a fixed alternative H,.

a.s. A sequence of local alternatives:

Walsh transformation

The k-th Walsh ordinate at lag h:

Fig. 2: Walsh functions

Theorem 1: Under some regularity assumptions and the stationarity, for integers
R = O(log(T)/log(log(T))) and K = O(T"?), we have

SUp P(TI/Q&%{I <x)— P{(g,...

k=1,2,...,. K, xelp

7gR>T < X} — Oa

~ (k . . .
as 1" — oo, where d%I = (dékI, dIkI, el d%I_l)T, () is the space of R dimen-
sional vector of real numbers and {g;};>1 is a mean zero Gaussian process with

cov(gi, 9;5) = 25 = limp_00 TCoV(Yi—1,7j-1)-

J

The Bootstrap covariance matrix estimat
test statistic

A covariance matrix estimate 3 is obtained via BOB bootstrap ([2]) with block
size b to estimate 3, = VT (30, 31, - - -, Ar—1)".
Theorem 2: Under Assumptions in Theorem 1, and b = o(T"°), we have

IER — ERIOO — 0

in probability, as T" — oo, where | - |, is the maximum norm defined to be the
maximum absolute value among all elements of the matrix.

Following [3], the test statistic:

AN

Spx = max | max ({d}{d"y —2r) —ovEk — 1],

1<k<K [1<r<R

(k1) ~ —1

II:PR&R , and PRPI;%:ZR.

~(k
where d,

Asymptotic results

Theorem 3: Under Assumptions of Theorem 2,

r

Sri — sup Sup(z er; —2r)—2vVk —1

k>1 | r>1 7
1=1

n distribution as 1" — oo, where e, k2 = 1,2,..., are mutually
independent standard normal random variables.

Theorem 4: For integers R = O(logT /log(log(T))), K = O(T'?),
b = o(T""), and with some regularity conditions for locally stationary

Processes,
S RK —7 OO

in probability as T — oo, under a fixed alternative or a sequence of

local alternatives with 772 — co. y

Simulation study

Nonlinear time series:
e Model S6: X; = 0;Z;, where 07 = 1.0 + 0.4X7 |, + 0.3X?7 ,:
o Model S7: X} =0.3X; 14+ 0.6Xy 141+ Zy;

e Model S8: X; = 0:Z;, where o7 = 1.0 + 0.2X7 | + 0.407 .

1" = 256, Rejection rates in percentage
Statistics| Sk i, ¢ = 3 JWW of [3] Nason’s test in [4]
0.1 0.05 0.1 0.05 0.1 0.05
569.0 4.7 404 28.6 50.5 37.3
S7195.5 3.6 304 239 56.3 42.4
58 9.1 6.0 40.1 279 36.7 23.3
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